Introduction
Let M be an n-dimensional Riemannian manifold of class C ~. For small r>0 let First we make several remarks.
1. Our method for attacking the conjecture (I) will be to use the power series expansion for Vm (r) . This expansion will be considered in detail in section 3; however, the general facts about it are the following: (a) the first term in the series is corn; (b) the coefficient of r n+~ vanishes provided k is odd; (c) the coefficients of r n+~ for/r even can be expressed in terms of curvature. Unfortunately the nonzero coefficients depend on curvature in a rather complicated way, and this is what makes the resolution of the conjecture (I) an interesting problem.
2. To our knowledge the power series expansion for Vm(r) was first considered in 1848
by Bertrand-Diguet-Puiseux [6] . See also [14, p. 209] . In these papers the first two terms of the expansion for Fro(r) are computed for surfaces in RS: K Vm(r)=~r'{1-~2r'+O(r')}m, (1.2) where K denotes the Gaussian curvature at m. In fact the reason why these authors obtained this expansion was to give a new proof of the famous theorema egregi~m of Gauss [16] .
A new proof by Liouville [32] had appeared the preceding year. Indeed it is obvious from (1.2) that the Gaussian curvature, defined, say as the product of principal curvatures, really is intrinsic to M, and does not depend on the embedding of the surface into R 8.
Vermeil [35] in 1917 and Hotelling [31] in 1939 generalized (1.2) to arbitrary Riemannian manifolds. (The Gaussian curvature K must be replaced by the scalar curvature.)
See also C2], [37] . The third term in the expansion was computed in [20] and in section 3 of this paper we shall compute the fourth term. Furthermore we write down the fifth term for surfaces but we omit the calculation. These terms are given by complicated formulas in the invadants of the curvature operator.
3. There are many hypotheses which, when combined with the hypothesis Vm(r) =wr n, imply that M is fiat. In sections 4 and 5 we sinew that (I) is true in any of the following cases: The proofs of these results utilize only the first three terms in the power series expan. sion of Fro(r). That (I) is true when dim M ~< 3 was first proved by P. Giinther [27] by a different method. 4 . Although the conjecture (I) seems quite reasonable, we have been unable to resolve it in general. In section 6 we give interesting examples for which V~,(r) = ~e{1 + OCt*)} for all points mEM. One of these is a 4-dimensional positive definite metric which is a generalization of the Schwarzschild metric. Another is a homogeneous 5.dimensional metric. In section 7 we use a different technique to find a manifold of dimension 734 with v,.(r) = o~r"{1 + O(r~)). (5) There is a formal similarity between the coefficients of the power series expansion of Vm(r) and the coefficients arising in the asymptotic expansion for the spectrum of the Laplacian. We modify some of the techniques in this theory to prove (I) in certain special cases. 6 . The volume functions for the symmetric spaces of rank 1 are written down in [20] .
In sections 8 and 9 we consider conjectures analogous to (I) where the model spaces instead of being fiat, are the symmetric spaces of rank 1.
Furthermore we show in section 11 that if M is an Einstein manifold with dim M ~< 5 such that for each mEM, Vm(r) is the same as that of a symmetric Einstein space, then M is in fact a symmetric space.
7. Let hm(expm(ru)) denote the mean curvature of a geodesic sphere expm (Sn-~(r)) in M and put Hm(r ) = rn-1 f~_ I~1)hm(exp m (r~)) du.
In analogy with (I) we have the conjecture (II) Suppose Hm(r)=n(n-1)cor n-~/or all mEM and all su//iciently small r. Then M is fiat.
It is remarkable that in contrast to (I), which seems difficult, (II) is true. We prove this in section 12.
8. In a series of papers [38] , [30] , [28] , [15] , [29] , [26] a hypothesis similar to that of (I) was considered, namely that the volumes of tubes about all hypersurfaces be polynomials. In section 13 we consider a weaker hypothesis; we require only that the volumes of tubes about small geodesic spheres be polynomials. In this way we are able to strengthen some of the results of [351, [301, [201, [151, and [291. We suppose all the manifolds to be connected.
We wish to thank A. Besse, P. Gilkey, R. Reilly, F. Tricerri and T. J. Willmore for several useful discussions.
Curvature invarlants
In this section we write down all of the scalar valued curvature invariants of order ~ 6, and we give some useful identities. The invariants of order 2 and 4 are well understood, and the 17 order 6 invariants have been written down [13] , [17] . Our purpose here is to give these invariants using the notation similar to that of [111 and [7] , in order to facilitate the calculations in later sections.
Let M be a Riemannian manifold. We choose the signs so that the curvature operator of M is given by Rxr~Vtx.r~-[Vx, Vrl, where V denotes the Riemannian connection of M. The components of the curvature tensor will be denoted by R~jkz where i, j, /r I are part of an orthonormal basis of the tangent space M s for some m 6 M. The components of the Ricci tensor will be denoted by 0~ and the scalar curvature will be denoted by r
By definition a scalar valued curvature invariant is a polynomial in the components ~f the curvature tensor and its covariant derivatives which does not depend on the choice of basis of Ms. Such a scalar valued invariant is said to have order k if it involves a total of k derivatives of the metric tensor. (Each component of the curvature tensor contains two derivatives.) A basis for the invariants of low order has been computed using Weyl's theory of invariants [5, p. 76] , [12] . (Weyl's theorem implies that the invariant polynomials are contractions in the components of the curvature tensor and its covariant derivatives.)
Let l(k, n) denote the space of invariants of order 2/~ for manifolds of dimension n.
The spaces ](1, n) and 1(2, n) are well-known (see for example [5, pp. 76 and 79]). We have dim 1(1, n)~-1 for n~>2 and dim 1(2, n)=4 for n~>4. In fact if we put then {T} is a basis for I(1, n) and {~', 11511', IlRll ', ~} is a basis for I(2, n).
Furthermore the space 1(3, n) of order 6 invariants has dimension 17 provided n >~ 6.
Using a notation similar to that of [11] and [7, chapter 6] we write down a basis for 1(3, n): Of course one must check that these 17 order 6 invariants form a basis for 1(3, n), n >~ 6.
This can be carried out as follows. Firstone uses Weyl's theorem to show that dim I(3, n) <~ 17. Then one assumes that there is a linear relation of the form A1~3+ ... +A17A2~ ~-0, which is valid for all manifolds of a fixed dimension n>~6. Then by carefully choosing 17 different manifolds and evaluating the linear relation on each of them, one shows that A 1 ..... A17 =0, so that (T 3 ..... A~v} is indeed a basis for/(3, n). This is not as formidable a task as it first appears, provided one makes use of certain simple 3-dimensional and 4-dimensional metrics.
Concerning the order 6 invariants see also [11] , [12] , [17] , [33] .
We shall need some identities involving the invariants. Most of these are well known or can be found in [33] . All of the identities are consequences of the symmetries of the curvature operator, including the two Bianehi identities and the Ricci identity. We write down these three identities and two of their consequences. Remark. In dimensions ~5 there are certain relations between the invariants. More precisely, the situation is as follows. 
Power series expansions for volume functions
Let M be an analytic Riemannian manifold. (We could treat the C OO case; then all of our power series would he defined, hut they might not converge.) Let re>0 be so small that the exponential map expm is defined on a hall of radius r 0 in the tangent space M m.
We put s~(ro) = volume of {exp~ (~)l~ e M~, II~ll = 'o}, V,,(ro) = volume of {exp~(x)lxeU~, II~ll <,o}.
Here we mean the (n -1)-dimensional volume for Sin(re) and the n.dimensional volume for V~(ro). O.)l.,.n m
Using (3.1) we compute the power series expansion of Fro(r) and Sin(r) where r>0 is sufficiently small. In doing so we clarify the exposition of [20] . First we prove On the other hand we have exp* (co) = exp* (da h ~ da) = exp* (da) h exp* ( * da) = d~ h exp* ( * da).
It follows that exp* ( ~ da) = oJ 1 ...,, ~ d8.
Next let h: Sn-l(1)-~S'-l(r) be defined by h(x)=rx on Sn-l(1). Then h*(ds)=rds and h*(du 1 h ... h du,) = r'dul h ... h du,.
Thus h*(~-ds) = r n-1 ~-d8. Hence we get
,~-a(l )
Next we compute the power series expansions. We write down the formulas for
Euclidean space in a way that is especially easy to remember. Let ( 89189 + 1). Then
Vm(r) (~).12 d S,~(r) = ~ V.(r) =
(~r")<"/2)-x(2~r) = 2n m2 r. Next we determine A, B and C precisely. Proof. It suffices to compute ~qm(r), because we can compute Vm(r) from the formula By symmetry on the sphere Ss.-~(x) ~,~du=O when p is odd.
360(n+2)(n+4)(-3]iltii'+81]ells+5zs-18Az)r"
V.,(r) ffi [" SAt) dr.
Furthermore

2~ n/2
Next
I-1 J 5m-I(I) --~ -I(I)
Here we have used the fact that ~ a~= 1 and ~a~du= Sa~du.
~1~ n/2 T
To compute ~'ff4-1(1)~4du we first note that
(These formulas can be proved by making appropriate choices of the orthonormal basis {e x ..... en}. All other integrals of degree 4 vanish. See also [37] .) Put
Then using (2.5) and (2.7) we obtain 
X5("+2) (2) '
Next we compute J's--aa)~edu. We need the following formulas: 
(n+ 2) (n + 4) (2) ,
Here the eight A~'s correspond to the eight terms in the expression for }'s. Each As is a sum of 15 different types of terms. We now compute each At. We start with A a which is the easiest. Extensive use will be made of Lemmas 2.1-2.3.
First we use (2.5) to find = 5llvoll' + aollwll' + lo<Q).
Next we have
Using (2.6) we obtain To obtain A e we use (2.4), (2.8), (2.9), (2.10) and get
To calculate A 2 we must use (2.16). We find
Using ( Adding up all the terms we get the expansion for ~qm(r). Then integrating from 0 to r we find that Fro(r) is given by (3.2), completing the proof.
For convenience we write down the expansions for Vm(r) in dimensions 2 and 3. Our computation makes use of the fact that there are fewer invariants of order 4 and 6 in these dimensions. Furthermore we give the fifth term in the expansion of V~(r) for a surface.
This is an expression using the order 8 invariants. In fact [18] we have 1(4, 2)=8. We omit the long tedious calculations. 
Proof o| the conjecture in some particular cases
First we note that (1. l) implies = 0,
In fact (4.1) and (4.2) are equivalent to v~(r) --~r~{1 + 0(,%
In section 6 we shall show that (4.3) is weaker than (1.1).
(4.1) (4.2) (4.3)
In the present section we prove (I) in several cases. Actually what we prove is slightly stronger than (I) because we make use of (4,3) instead of (1.1). where the first three coefficients are given by
Hence (I) is true ff a2--<O. In particular we obtain (vii}.
The conjecture (I) tor locally symmetric spaces
It seems quite probable that the conjecture (I) is true for all locally symmetric spaces.
Of course, this could be verified ff one knew explicitly the curvature of all the irreducible symmetric spaces. To our knowledge this has been done for the Hernn'~ian symmetric spaces [I0], [8] , the symmetric spaces of rank 1 (see for example [25] ) and a few others, but not in genera].
Therefore we proceed in the following way. We introduce a class ~ of Riemannian manifolds which contains all the nonflat symmetric spaces of class/ca] type, and also a few Table I .
Next we consider the symmetric spaces of rank 1. The complete power series expansions for the volume functions of these spaces have been given in [20] . From this the first four terms in each of the power'series are given as follows: Table I . Hermitian symmetric space~
The sphere 8n(,~) (with constant sectional curvature ]), or its dual:
n(n n(n-1) (5n-7)).'r. n(n-1)(35n'-I12n+O3)~a#+ }. The Cayley plane Cay P~(~) (with maximum sectional curvature ~), or its dual:
V~,(r) = -g-C.
-i-g-r --~-6 ,o + The quantities 7, II~ll', and 311Rll,-811~ll, for each of the symmetric spaces of rank 1 can be computed by comparing the power series (5.2)-(5.5) with (3.2) and using the fact that each symmetric space of rank 1 is an Einstein manifold. The results are given in Proo/. The only nonclassical symmetric spaces of dimension less or equal 8 are G2/S0 (4) and its noncompact dual. However these spaces are Einstein and so (I) holds for them, as well as their products with R 1.
For general symmetric spaces we have also the following result: 
}(n-l) n(n-1)(n+2)8 2nS(n-1) 2n(n-1)(n+2)t88 -2n(n-1)(n+2) ,SO(n)
x (n + 2) 
M-nitolds with V~(r) =oJrn(1 + O(re)}
In the previous section we showed that (I) is true if dim M ~< 3 using only the nullity for all m E M and sufficiently small r > 0.
6.a. A generalization of the Schwarzsehild metric
The Schwarzsehild metric in relativity is a spherically symmetric metric which is Ricci fiat but not fiat. Specifically it is given in spherical coordinates by
(assuming the speed of light to be unity). There are generalizations of (6.2) which are Einstein metrics or have scalar curvature 0.
H one changes the sign of the coefficient of dt 2 in (6.2) then one obtains a positive definite metric. Just as before this metric is Ricci fiat but not fiat. In fact let us consider the metric
d,a 2 = ea(r) dr2 + r2dO ~ + r 2 sin 2 0drp ~ + eV<r) dL 2. (6.3)
We shall compute the curvature of this metric for general ~ and ~. Then we determine and ~ so that (6.1) is satisfied.
The simplest method to compute the curvature of (6. Here c is an arbitrary constant. For each of these metrics (6.1) holds at all points, but neither of the metrics is fiat.
A lengthy calculation, which we omit, shows that for the metrics (6.7)
~2 r4
Vr~ ( 
Put M =Hs(g, fl, 7) • H2(c) 9
It is not difficult using (6.9) to check that for each mEM the volume Vm(r) satisfies (4.1).
Actually this construction yields a 1.parameter family of (normalized) metrics for which 8~-z~r 5
Vm(r) = --~ {1 + O(r")}. We prove this conjecture in some particular cases. -1);t, 1[~]t ~ = n(n--1)2), ~, H R~[[ ~ = 2n(n-1)~,.   (8.1) The hypotheses of (m) imply that 7, lid' and IIRII ' for ~ satisfy ~ =~ (n-1)~, 311RIl'-811ell' =-2n(~-1)(4n-m' 
Manifolds with
(8.3)
So the required result follows immediately from a result of [4] . There are two cases where we can prove this conjecture. Proo/. The key fact is that for n > 1, a manifold whose holonomy group is contained in Ep(n).Sp(1) is automatically Einstein [3] . See also [22] . Hence if Vm(r) coincides with F~(r, v), then a computation shows that In other words, the ~, Iloll', and ii~ll ~ of M are the same as the corresponding functions on Q(~). That M is locally isometric to Q(~) then follows from a result of [36] .
Finally, we need not formulate a similar theorem for manifolds with holonomy group contained in Spin (9), because such manifolds are automatically fiat or are locally isometric to the Cayley plane or its noncompact dual [1] , [9] .
Topological charaeterizatlons of eompaet 4.dimensional manifolds
In this section we consider some topological implications of the different conjectures and give some characterizations of 4-dimensional compact manifolds.
First we consider a compact oriented 4-dlmensional manifold M such that :~2rt
for all mEM and for sufficiently small r >0. Then we have Proof. x(M)/>0 for any 4-dimensional manifold which admits an Einstein metric [3] .
The result follows now from Corollary 10.2 since x(M)= 0.
We have a stronger result for compact 4-dimensional K~hler manifolds. Proof. This follows easily from the following formulas (see for example [13] ) In particular Ilnl? is eonstant and so <~n, n> --IlVnll ~. (11.8) 9 using (11.7), (11.2), (11.5), (11.6), (11.8) and the equality of the coefficients of r n+6
in both expansions, we obtain
IlVnll ~ --0.
Hence the result follows.
Of course a 3-dimensional Einstein manifold has constant curvature and so it is automatically symmetric, which is the reason that we considered only 4-and 5-dlmeusional manifolds in Theorem 11. Proof. We use the special expansion 
Mean curvature and geodesic spheres
Let hm(expmru) denote the mean curvature of a geodesic sphere of radius r>0 and center m with respect to the outward normal. Put Hm(r ) =r "-1 Sll,ll.zhm(expmru)du. Here
Hm(r)r 1-" is the integral over the unit sphere in the tangent space of the mean curvature of a geodesic sphere of radius r > 0. It should be remarked that this is not the same as the integral over the geodesic sphere itself of the mean Curvature. The latter integral is jus~
See [26] . We compute the first four terms in the power series expansion of Hm(r). and so the result follows at once from the maximum principle. We also remark that the coefficient of r n+4 in the power series expansion of H•(r) may be used to obtain theorems for locally symmetric spaces analogous to those of section 11.
Growth functions of hypersurfaees
Let M be a compact orientable hypersurface of an n-dimensional Riemannian manifold _M. For small s ~>0 denote by A(s) the (n-1)-dimensional volume of the hypersufface at a distance 8 from M, in the direction of a chosen normal. In [30] , [38] See also [15] , [26] , [28] , [29] for related results. In each of these theorems a condition on the function A is required for every hypersurfaee. We shall show that it is only necessary to assume that A satisfy a _differential equation for hypersuriaces of the form Gin(r)
{pE.MId(p, m)•r)
for mEl]7 and small r>0.
The point is that once one has the power series expansion for the volume function Vm(r) the results of [15] , [38] , [30] can be strengthened and the proofs simplified. From the power series expansion of Era(r) we see that 2n
for all m, and so ill has constant curvature c.
In the same way we strengthen another result of [15] . 
+ 2)
We differentiate (13.2) with respect to s, nse'(13.1) and set 8=0. In this way we obtain a power series expansion in r which must be identically zero. Setting the coefficients of this power series equal to zero, we obtain certain relations. The first such relation implies that the dimension of M is 2 or 3. The next five conditions imply that M has constant curvature.
